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DIAGONAL PROPERTY OF THE SYMMETRIC PRODUCT OF A 

SMOOTH CURVE 

INDRANIL BISWAS AND SANJAY KUMAR SINGH 


Abstract. Let C be an irreducible smooth projective curve defined over an algebraically 
closed field. We prove that the symmetric product Sym d (C) has the diagonal property 
for all d > 1. For any positive integers n and r, let Q 0 ®n(jir) be the Quot scheme 

parametrizing all the torsion quotients of 0® n of degree nr. We prove that Q 0 ®»(nr) 
has the weak point property. 


1. INTRODUCTION 

In [ PSPJ . Pragacz, Srinivas and Pati introduced the diagonal and (weak) point proper¬ 
ties of a variety, which we recall. 

Let X be a variety of dimension d over an algebraically closed held k. It is said to 
have the diagonal property if there is a vector bundle E —> X x X of rank d, and a 
section s € H°(X x X, E), such that the zero scheme of s is the diagonal in X x X. The 
variety X is said to have the weak point property if there is a vector bundle F on X of 
rank d, and a section t e H°(X, F ), such that the zero scheme of £ is a (reduced) point 
of X. The diagonal property implies the weak point property because the restriction of 
the above section s to X x {^o} vanishes exactly on xq. 

These properties were extensively studied in |PSPj and |Dej . In particular, it was shown 
that 


• they impose strong conditions on the variety, 

• on the other hand there are many example of varieties with these properties. 

Here we investigate these conditions for some varieties associated to a smooth projective 
curve. 

Let C be an irreducible smooth projective curve over k. For any positive integer d, 
let Sym ri (C') be the quotient of C d for the natural action of the group of permutations 
of {1, • • • , d}. It is a smooth projective variety of dimension d. We prove the following 
(Theorem 13. 1 jl : 

Theorem 1.1. The variety Sym d (C) has the diagonal property. 
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Theorem 1 in [PSPl. p. 1236] contains several examples of surfaces satisfying the diag¬ 
onal property. We note that the surface Sym 2 (C) is not among them. 

For positive integers n and d, let Q 0 en ( d ) be the Quot scheme parametrizing the tor¬ 
sion quotients of 0® n of degree d. Quot schemes were constructed in (Grj (see jNi] for an 
exposition on [Grj). The variety Qo® n {d) is smooth projective, and its dimension is nd. 
Note that Qo c (d ) = Sym d (C). These varieties Q 0 ©«(d) are extensive studied in alge¬ 
braic geometry and mathematical physics (see jBGLj, [BDWj, [Ba], [BR] and references 
therein). 

We prove the following (Theorem 12.21) : 

Theorem 1.2. If d is a multiple of n, then the variety Q. 0 ®n(d) has the weak point 
property. 

2. Quot Scheme and the weak point property 
We continue with the notation of the introduction. 

For a locally free coherent sheaf E of rank n on C, let Q.E(d) be the Quot scheme 
parametrizing all torsion quotients of E of degree d. Equivalently, Q^(d) parametrizes 
all coherent subsheaves of E of rank n and degree degree (E) — d. Note that any coherent 
subsheaf of E is locally free because any torsionfree coherent sheaf on a smooth curve is 
locally free. This Q,E(d) is an irreducible smooth projective variety of dimension nd. 

There is a natural morphism 

tf' ■ O.E(d ) —> Qa"e(^) 

that sends any subsheaf S C E of rank n and degree degree (E) — d to the subsheaf 
/\ n S C f\" E. Next note that Q/\n E (d) is identified with the symmetric product Sym a! (C') 
by sending any subsheaf S' C /\ n E to the scheme theoretic support of the quotient sheaf 
(A n E)/S'. Let 

(2.1) <p : Q E (d) —> Sym d (C) 

be the composition of tp' with this identification of Q^ E (d) with Syivi^C). If should be 
mentioned that for a subsheaf S C E of rank n and degree(E’) — d, the image p(S) G 
Sym d (C) does not, in general, coincide with the scheme theoretic support of the quotient 
sheaf E/S. 

The symmetric product SynA(C) is the moduli space of effective divisors of degree d 
on C. Let 

(2.2) D <Z Y C x Sym d {C) 

be the universal divisor. So the fiber of D over a point a E Sym d (C) is the zero dimen¬ 
sional subscheme of C of length d defined by a. Let 

(2.3) V = (Id c x <p)~\D) c C x Q E (d) 


be the inverse image of D, where (p is constructed in (12.11) . 
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Remark 2.1. Let L be a line bundle on C. For E as above, if S C E is a subsheaf of 
rank n and degree degree (E) — d, then 

S®L C E®L 

is a subsheaf of rank n and degree degree(17 <S> L) — d. Therefore, we get an isomorphism 

Qe((1) ——> Q,E®L{d ) 

by sending any subsheaf S C E to the subsheaf S <g) L C E ® L. 

Theorem 2.2. For positive integers d,n such that d is a multiple of n, the Quot scheme 
Qo g, (d) satisfies the weak point property. 

Proof. Let r G N be such that d = rn. Fix a closed point Xo in C. The line bundle 
Oc(rx o) on C will be denoted by L. By Remark [2711 it is enough to prove the weak point 
property for <2 L ®n(d). 

Let V =->■ C x QL®ri(d) be the divisor constructed in (I2.3|) . Let 

(2.4) p : V —> C and q : V —» Q.L® n {d) 

be the projections. Taking the direct sum of copies of the natural inclusion 

l : Oc , 

we get a short exact sequence of sheaves on C 

(2.5) 0 —> 0® n O c (rx 0 ) en —> T —> 0 , 

where T is a torsion sheaf on C of degree nr = d. Therefore, this quotient T is represented 
by a point of Q,L®™(d). Let 

(2.6) to £ Ql®«(c/) 
be the point representing T. 

The direct image 

F := g*p*L ffin —► Q L ^(d) 

is a vector bundle of rank nd, where p and q are the projections in (I2.4[) . We will construct 
a section of F. The section of L — Oc{rx o) given by the constant function 1 will be 
denoted by so- Consider the section 

s := <® n (s® n ) G H°(C, L® n ) , 

where i® n is the homomorphism in (12.51) . We have 

(2.7) S' := q*p*s G R°(Q L ®n(d), F) . 

For the point to hr (12.6[) . the scheme theoretic inverse image 

g _1 (t 0 ) C V C C x Q L ®n(d) 


is (rx 0 ) x t 0 , where q is the projection in (12.41) . Since the section s 0 vanishes exactly 
on rx o, this implies that the section S' in (I2.7|) vanishes exactly on the reduced point to- 
Therefore, QL®n(d) has the weak point property. □ 
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3. Diagonal property for symmetric product of curves 

Theorem 3.1. For any d > 1, the symmetric product Sym d (C') of a smooth projective 
curve C has the diagonal property. 

Proof. Consider the divisor D in (12.2ft . Let 

(3.1) L = Oy(D) —» Y 

be the line bundle. Now consider Z := Y x Sym d (C) = C x Synr d (C) x Sym d (C). Let 

(3.2) a : Z —> C , /3 : Z —> Sym d (C) and 7 : Z —► Sym d (C) 

be the projections dehned by (x ,y ,z) 1 —> x, (x ,y ,z) 1 —> y and (x ,y ,z) 1 —* z 
respectively. Let 

(3.3) D := (a x 7 )~\D) C C x Sym d (C) x Sym d (C) = Z 
be the inverse image, where D is dehned in (12.21) . 

Let 

p : D —> Sym d (C) x Sym d (C) 

be the projection dehned by b 1 —^ (/?(&) , 7 ( 6 )), where fd and 7 are dehned in (13.2ft . and 
D is constructed in (13.3j) . Consider the direct image 

(3.4) V := p,(((a x 0)*L)\ 5 ) —> Sym d (C) x Sym d (C), 
where L is the line bundle in (13.111 . The natural projection 

D —> Sym d (C'), (x , y) 1 —> y, 

where D is dehned in (12.2b is a finite morphism of degree d. This implies that p is a 
finite morphism of degree d. Consequently, the direct image V is a vector bundle on 
Synr d (C) x Sym d (C) of rank d. 

Consider the natural inclusion Oy Oy(D) = L (see (13.ip ). Let 

(3.5) n 0 G H°{Y, L) 

be the section given by the constant function 1 using this inclusion. Let 
n := p,(((a x /3)V 0 )| 5 ) G H°(Sjm d (C) x Sym d (C), V ) 
be the section of V (constructed in (13.4ft ) given by no- 
We will show that the scheme theoretic inverse image 

cr _ 1 (0) C Sym d (C) x Synr d (C) 

is the diagonal. 

Take any point (a, b) e Sym d (C) x Sym d (C') such that a 7 ^ b. Then there is a point 
z G C such that the multiplicity of z in a is strictly smaller than the multiplicity of z in 
b. We note that the scheme theoretic inverse image 

p-\{a,b)) C D C Z = C x Sym d (C) x Sym d (C) 
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is {(a, b)} x b, where b is the zero dimensional subscheme of C of length d defined by b. 
On the other hand, for the section cr 0 in (13.5ft . the intersection cr^ 1 (0) p|(C x {a}) is the 
zero dimensional subscheme a of C of length d defined by a. Since the multiplicity of 0 
in a is strictly smaller than the multiplicity of z in b, we have 

Co(( z o,b)) 0. 

Consequently, a((a,b)) ^ 0. 

Now take a point (a, a) on the diagonal of Sym d (C) x Sym d (C). We have observed 
above that the inverse image 

p~ 1 ((a , a)) C C 

coincides with the intersection a c f 1 (0) p)(C x a). This implies that 

• cr((a, a)) = 0, and 

• <r _1 (0) is the reduced diagonal. 

Therefore, Sym d (C') has the diagonal property. □ 
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